In this paper, first we present the variational formulation for a second strain gradient Euler-Bernoulli beam theory for the first time. The governing equation and associated classical and non-classical boundary conditions are obtained. Later, we propose a novel and efficient differential quadrature element based on Lagrange interpolation to solve the eight order partial differential equation associated with the second strain gradient Euler-Bernoulli beam theory. The second strain gradient theory has displacement, slope, curvature and triple displacement derivative as degrees of freedom. A generalize scheme is proposed herein to implement these multi-degrees of freedom in a simplified and efficient way. The proposed element is based on the strong form of governing equation and has displacement as the only degree of freedom in the domain, whereas, at the boundaries it has displacement, slope, curvature and triple derivative of displacement. A novel DQ framework is presented to incorporate the classical and non-classical boundary conditions by modifying the conventional weighting coefficients. The accuracy and efficiency of the proposed element is demonstrated through numerical examples on static, free vibration and stability analysis of second strain gradient elastic beams for different boundary conditions and intrinsic length scale values.
INTRODUCTION
The differential quadrature method (DQM) was first introduced by Bellman et al. [1] to solve the linear and non-linear partial differential equations. In this technique, the derivative of the function at a grid point is assumed as a weighted linear sum of the function values at all other gird points in the computational domain, leading to a set of algebraic equations [2] - [3] . The computational efficiency and accuracy of differential quadrature method has been established in the literature in comparison with the other numerical methods. However, to circumvent the shortcomings related to the imposing multi-boundary conditions and its applications to the generic structural systems, many improved and efficient versions were proposed in recent years [4] - [15] . A comprehensive survey can be found in review paper by Bert et.al. [16] on various aspects of the differential quadrature methods developed by different authors. Most of the above cited research focussed on developing efficient models for classical beam and plate theories which are governed by fourth order partial differential equations [17] - [22] . Some research addressed the solution methodologies for sixth and eighth order partial differential equations by employing strong from of governing equation in conjunction with the Hermite interpolations [23] - [25] . Recently, authors have proposed two novel differential quadrature elements for the solution of sixth order partial differential equations encountered in non-classical higher order continuum theories [26] - [27] . These elements are based on strong and weak form of governing equations and employees Lagrange and Hermite interpolations respectively.
The non-classical gradient elasticity theories are well established in the literature for modelling micro-structural behaviour of materials in contrast to the classical theories [28]- [35] . These theories are generalized versions of linear elasticity theories incorporating higher-order terms to account for scale effects. In the non-classical gradient theories, the strain energy depends upon the elastic strain and its gradients [36] - [38] . The first strain gradient theory which is based on strain tensor and its first gradient generates Cauchy's and double stress tensors. This theory renders sixth order partial differential equation and have been extensively applied to study the static and dynamic behaviour of beams and plates [39] - [43] . Further, various numerical models have been reported in the literature based on this theory to study the behaviour of beams [44] - [45] . The second strain gradient theory, which is an extension of the first gradient theory accounting for second gradient of strain tensor have been used limitedly in the literature for few applications [46] - [49] . The research on second srain gradient beams is missing in the literature as per the authors knowledge. In this paper, the variational formulation for the second strain gradient Euler-Bernoulli beam is presented for the first time and the associated classical and non-classical boundary conditions are discussed. Employing the above theoretical basis, we develop a differential quadrature element for the second strain gradient Euler-Bernoulli beam theory which is governed by eighth order partial differential equation. Here we use strong form of the governing equations with Lagrange interpolations as test functions. The present element is the extension of the earlier work by authors for sixth order partial differential equation [26] . A novel way to enforce the classical and non-classical boundary conditions in the context of differential quadrature framework is presented. The procedure to compute the higher order weighting coefficients for the proposed element are explained in detail. The efficiency of the proposed differential quadrature element is demonstrated through numerical examples on bending, free vibration and stability analysis.
Second strain gradient Euler-Bernoulli beam theory
In the present study we consider the simlified second strain gradient microelasticity theory with two classical and two non-classical material constants [46, 49] . The two classical material coefficients correspond to Lame constants and the non-classical ones are of dimension length which are introduced to account for non-local effects. The potential energy density function for a second strain gradient theory is represented as:
The stress-strain relations for 1-D second strain gradient elastic theory are expressed as [46, 49] 
where, λ, µ are Lame constants and g 1 , g 2 are the strain gradient coefficients of dimension length.
is the Laplacian operator and I is the unit tensor. τ , ς andς denotes Cauchy, double and triple stress respectively, ε and (tr ε) are the classical strain and its trace which are expressed in terms of displacement vector w as:
From the above equations the constitutive relations for a second strain gradient Euler-Bernoulli can be expressed as
Based on the above constitutive relations the strain energy is written as
The potential energy of the applied load is given by
The kinetic energy is given as
where, E, A and I are the Young's modulus, area, moment of inertia, respectively. q and w(x, t) are the transverse load and displacement of the beam. V , M ,M andM are shear force, bending moment, double and triple moment acting on the beam. Using the The Hamilton's principle [50]
and performing the integration-by-parts. The governing equation of motion for a second strain gradient Euler-Bernoulli beam is obtained as
and the associated boundary conditions are:
Classical :
Non-classical :
The list of classical and non-classical boundary conditions employed in the present study for a second strain gradient Euler-Bernoulli beam are as follows
Simply supported :
2 Differential quadrature element for second strain gradient Euler-Bernoulli beam
The nth order derivative of the displacement w(x, t) at location x i for a N-node 1-D beam element is assumed as
L j (x) are the Lagrangian interpolation functions defined as [2, 3] ,
where
The first order derivative of the above shape functions can be written as
The higher order conventional weighting coefficients are defined as
Where, B ij , C ij and D ij are weighting coefficients for second, third, and fourth order derivatives, respectively. A N-noded second strain gradient Euler-Bernoulli beam element is shown in the Figure 1 . Each interior node has displacement w as the only degree of freedom (dof), and the boundary nodes has four degrees of freedom w, w , w and w . These extra boundary degrees of freedom related to higher gradients of displacement are introduced in to the formulation through modifying the conventional weighting coefficients. The new displacement vector now includes the slope, curvature and triple derivative of displacement as additional dofs at the element boundaries as:
The modified weighting coefficient matrices accounting for multi-degrees of freedom at the boundaries are derived as follows:
First order derivative matrix :
Second order derivative matrix :
Third order derivative matrix :
Fourth order derivative matrix :
Fifth order derivative matrix :
Sixth order derivative matrix :
Seventh order derivative matrix :
Eight order derivative matrix :
Here,Ā ij ,B ij ,C ij ,D ij ,Ē ij ,F ij ,Ḡ ij andH ij are first to eight order modified weighting coefficients matrices, respectively. Using the above Equations (16)-(32), the governing differential Equation (9), at inner grid points interms of the differential quadrature framework is written as
The boundary forces given by Equations (10)- (11), are expressed as Shear force:
Bending moment:
Double moment:
Triple moment:
here i = 1 and i = N correspond to the left support x = 0 and right support x = L of the beam, respectively. After applying the respective boundary conditions the system of equations are given as: 
Expressing the system of equations in terms of domain dofs ∆ d , we obtain
The solution of the above system of equations gives the unknown displacements at the domain nodes of the beam element. The boundary displacements are computed from Equation (39) , and forces are computed from the Equations (34)- (36) . Similarly for free vibration analysis f b = f d = P = 0, and the system of equations are reduced to
and finally for stability analysis the system of equations are given by
The Equations (41) and (42) represents an Eigen value problem and the solution provides the frequencies and buckling load.
Numerical Results and Discussion
The accuracy and convergence characteristic of the proposed differential quadrature beam element is verified through numerical examples on static, free vibration and stability analysis. The results are compared with the analytical solutions obtained in the Appendix-I for two different combinations of length scale parameters, g 1 = 0.1, g 2 = 0.05 and g 1 = 0.15, g 2 = 0.1. Single DQ element is used in the present study. The grid employed in the present analysis is unequal Gauss-Lobatto-Chebyshev points given by
where N is the number of grid points and x i are the coordinates of the grid. The classical and non-classical boundary conditions used in this study for different end supports are listed in the Section 1. The non-classical boundary conditions employed for simply supported gradient beam are w = w = 0 at x = (0, L), the equations related to curvature and triple displacement derivative are eliminated. For the cantilever beam the non-classical boundary conditions used are w = w = 0 at x = 0 andM =M = 0 at x = L. The equation related to curvature and triple displacement derivative at x = 0 are eliminated and the equation related to double and triple moment at x = L are retained. Similarly, for clamped and propped cantilever beam the nonclassical boundary conditions remains the same, w = w = 0 at x = (0, L). The numerical data used for the analysis of beams is as follows: Length L = 1, Young's modulus E = 3 × 10 6 , Poission's ratio ν = 0.3, density ρ = 1 and load q = 1.
Static analysis of second strain gradient Euler-Bernoulli beam
In this section, the capability of the element is demonstrated for static analysis of gradient elastic beams subjected to uniformly distributed load. Three support conditions are considered in this analysis, simply supported, clamped and cantilever. The performance of the element is verified by comparing the classical (deflection and slope) and the non-classical (curvature, triple displacement derivative, double moment and triple moment) quantities with the exact values. The results reported here for beams with udl are nondimensional as, deflection :w = 100EIw/qL 4 , bending moment:
3 and triple moment : Table 3 : Comparison of deflection, slope, curvature, triple displacement derivative, double and triple moment for a cantilever beam under a udl.
In Table 1, convergence of Table 4 : Comparison of deflection, slope, curvature and triple displacement derivative for a simply supported beam along the length.
In Table 4 , comparison is made for classical and non-classical quantities computed along the length of a simply supported beam subjected to udl. The results are obtained using 15 grid points for g 1 /L = 0.15, g 2 /L = 0.1 values. Excellent match with the exact solutions is exhibited for all the classical and non-classical quantities along the length of the beam.
From the above tabulated results it can be concluded that the solutions obtained using the proposed element with 15 grid points are in excellent agreement with the exact solutions for all the boundary conditions and g/L values considered. Hence, a single element with fewer nodes can be efficiently applied to study the static behaviour of a second strain gradient Euler-Bernoulli beam for any choice of intrinsic length and boundary condition.
Free vibration analysis of gradient elastic beams
The applicability of the proposed beam element for free vibration analysis of second strain gradient beam will be verified in this section. The first six elastic frequencies obtained for different boundary conditions are compared with the analytical solutions computed in the Appendix-I for g 1 /L = 0.1, g 2 /L = 0.05 and g 1 /L = 0.15, g 2 /L = 0.1. Four different boundary conditions are considered in this analysis, simply supported, clamped, cantilever and free-free. In Table 5 , convergence behaviour of the first six frequencies for a simply supported gradient beam are shown. The frequencies obtained using 15 grid point are in close agreement with the analytical solutions for both combinations of g/L values. Similar convergence trend and accuracy is noticed in the Tables 6-8, Excellent fit with the analytical solutions is noticed in the fundamental frequencies obtained using the proposed element with fewer number of grid points. This consistency is maintained for all the boundary conditions and 
Stability analysis of gradient elastic beams
In the earlier sections the efficiency of the proposed beam element was verified for static and free vibration analysis of gradient elastic beams. Here, we validate the applicability of the element for stability analysis of second strain Table 9 . It can be noticed that the convergence of buckling load is rapid and approaches to analytical values with 15 grid points for all the g/L values. Similar convergence behaviour is noticed in Table 10 , for a clamped, cantilever and propped cantilever beam. Hence, these observations validate the effectiveness of the proposed beam element for buckling analysis of second strain gradient elastic prismatic beams. N Clamped Cantilever Propped cantilever Table 10 : Comparison of normalized buckling load for a clamped, cantilever and propped-cantilever gradient beams.
Conclusion
Variational formulation for a second strain gradient Euler-Bernoulli beam theory was presented for the first time, and the governing equation and associated classical and non-classical boundary conditions were obtained. A novel differential quadrature beam element was proposed to solve a eight order partial differential equation which governs the second strain gradient EulerBernoulli beam theory. The element was formulated using the strong form of the governing equation in conjunction with the Lagrange interpolation functions. A new way to account for the non-classical boundary conditions associated with the gradient elastic beam was introduced. The efficiency and accuracy of the proposed element was established through application to static, free vibration and stability analysis of gradient elastic beams for different support conditions and length scale parameters. [26] Md. Ishaquddin, S. Gopalakrishnan, Novel differential quadrature element method for higher order strain gradient elasticity theories, http://arxiv.org/abs/1802.08115.
[27] Md. Ishaquddin, S. Gopalakrishnan, Novel weak form quadrature elements for non-classical higher order beam and plate theories, http://arxiv.org/abs/1802.05541. 
APPENDIX Analytical solutions for second strain gradient Euler-Bernoulli beam
In this section we obtain the analytical solutions for bending, free vibration and stability analysis of second strain gradient Euler-Bernoulli beam for different support conditions and length scale parameters.
Bending analysis
Let us consider a beam of length L subjected to a uniformly distributed load q. To obtain the static deflections of the second gradient elastic EulerBernoulli beam which is governed by Equation (9), we assume a solution of the form
, n 2 = − g 
,
The constants c 1 − c 8 are determined with the aid of boundary conditions listed in Equation (10) and (11). After applying the boundary conditions the system of equations are expressed as:
Here K is the coefficient matrix, f is the vector corresponding to the force and {δ} = {c 1 , c 2 , c 3 , c 4 , c 5 , c 6 , c 7 , c 8 } is the unknown constant vector to be determined. Once the unknown constants are determined then the displacement solution is obtained from the Equation (a1). The slope, curvature and triple derivative of displacement at any point along the length of the beam can be obtained by performing the first, second and third derivatives of the deflection respectively. The shear force, bending moment, double moment and triple moment are obtained by substituting the Equation (a1) in Equations(10) and (11) . To have real and positive roots g 1 /g 2 > √ 2 is assumed in the present analysis. The following are the list of simultaneous equations to determine the unknown coefficients for different boundary conditions:
(a) Simply supported beam : 
where, a 11 = m 
where, 
Free vibration analysis
To obtain the natural frequencies of the second gradient elastic Euler-Bernoulli beam which is governed by Equation (9), we assume a solution of the form
substituting the above solution in the governing equation (9), we get
here, β 2 = EI/m, and the above equation has the solution of typē
where, c i are the constants of integration which are determined through boundary conditions and the k i are the roots of the characteristic equation
After applying the boundary conditions listed in Section 1, we get,
For non-trivial solution, following condition should be satisfied
The above frequency equation renders all the natural frequencies for a second strain gradient Euler-Bernoulli beam. The following are the frequency equations for different boundary conditions: (a) Simply supported beam : 
Stability analysis
To obtain the buckling load for a second strain gradient Euler-Bernoulli beam which is governed by Equation (9), we assume a solution of the form w(x) = c 1 + c 2 x + c 3 e m 1 x + c 4 e m 2 x + c 5 e m 3 x + c 6 e n 1 x + c 7 e n 2 x + c 8 e
where, c i are the constants of integration which are determined through boundary conditions and the m 1,2,3 and n 1,2,3 are the roots of the following characteristic equation: 
